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Abstract 

The dS/CFT correspondence is illuminated through an analysis of massive scalar 
held theory in d-dimensional de Sitter space. We consider a one-parameter family of dS- 
invariant vacua related by Bogolyubov transformations and compute the corresponding 
Green functions. It is shown that none of these Green functions correspond to the one 
obtained by analytic continuation from AdS. Among this family of vacua are in (out) vacua 
which have no incoming (outgoing) particles on X~ (X"*"). Surprisingly, it is shown that 
in odd spacetime dimensions the in and out vacua are the same, implying the absence of 
particle production for this state. The correlators of the boundary GFT, as dehned by 
the dS/GFT correspondence, are shown to depend on the choice of vacuum state—the 
correlators with all points on X“ vanish in the in vacuum. For dSa we argue that this bulk 
vacuum dependence of the correlators is dual to a deformation of the boundary GFT 2 by 
a specihc marginal operator. It is also shown that Witten’s non-standard de Sitter inner 
product (slightly modihed) reduces to the standard inner product of the boundary held 
theory. Next we consider a scalar held in the Kerr-dSa Euclidean vacuum. A density matrix 
is constructed by tracing out over modes which are causally inaccessible to a single geodesic 
observer. This is shown to be a thermal state at the Kerr-dSa temperature and angular 
potential. It is further shown that, assuming Gardy’s formula, the microscopic entropy of 
such a thermal state in the boundary GFT precisely equals the Bekenstein-Hawking value 
of one quarter the area of the Kerr-dSa horizon. 
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1. Introduction and Summary 


Recently, following earlier work ||l|-[T^, a proposal has been made relating quantum 
gravity in de Sitter space to conformal field theory on the spacelike boundary of de Sitter 


space [|T^ . The proposal was motivated by an analysis of the asymptotic symmetry group 
of de Sitter space together with an appropriately crafted analogy to the AdS/CFT corre¬ 


spondence ||l^ , k5i pT[| . Other relevant discussions of quantum gravity in de Sitter space and 
dS/CFT appear in ||r7H39[|. 

Unlike the AdS/CFT case, there has been no derivation of the proposed dS/CFT cor¬ 
respondence from string theory. Hopefully, a stringy construction of de Sitter space will be 
forthcoming. Meanwhile, much has been learned about AdS/CFT by analyzing solutions of 
the held equations and studying the propagation and interactions of helds, without directly 
using string theory. In this paper we pursue a parallel approach to dS/CFT, analyzing 
in some detail massive scalar held theory in de Sitter space. A number of surprising and 
interesting features emerge. Since this paper contains some rather detailed calculations, 
for the beneht of the reader we include a summary in this introduction. 

We begin in section 2 with a discussion of dS-invariant Green functions for a massive 
scalar, reviewing and generalizing to d dimensions the discussion of P0|,^ 


We hrst 


describe the Green function obtained by analytic continuation from the Euclidean sphere. 
This is the so-called Euclidean Green function, and it is the two-point function of the 
scalar held in the Euclidean vacuum. We then construct a family of dS-invariant vacua 
labeled by a complex parameter a and compute the Green functions in these ct-vacua, 
which have several peculiarities. Singularities occur at antipodal points which are however, 
unobservable since antipodal points are always separated by a horizon. Moreover, these 
singularities do not ahect the scalar commutator, which is independent of a. We also see 
that the coincident point singularity has two terms, with opposite-signed ie prescriptions. 
Hence all of these ct-vacua except for the Euclidean vacuum diher from the usual Minkowski 
vacuum at arbitrarily short distances. We also compute the response of an Unruh detector 
and hud that it is thermal only in the Euclidean vacuum. The dual GFT interpretation of 
the CK-vacua is deferred to section 4. 

In relating the AdS/GFT and dS/GFT correspondences, it is natural to consider the 
particular Green function obtained by ‘double’ analytic continuation from AdS to dS via 
the hyperbolic plane. We show that the Green function so obtained, while dS-invariant, 
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does not correspond to the Green fnnction in any known dS-invariant vacuum.u This resnlt 
nnderscores the non-triviality of extrapolating from AdS/CFT to dS/CFT. 

In section 3 we consider scalar held theory in spherical coordinates 

=-dr^cosh^ (1.1) 


again generalizing to d dimensions. A salient featnre of these coordinates is that 

they cover all of de Sitter space and hence are suitable for studying global properties. The 
solutions of the massive scalar wave equation are found for arbitrary angular momentum. 
We then give an explicit construction in terms of these modes of the Bogolyubov transfor¬ 
mations relating all the a-vacua. Special ‘in’ and ‘out’ vacua are found, which are distinct 
from the Euclidean vacuum. The in vacuum has no incoming particles on I ~, while the out 
vacuum has no outgoing particles on X+. The Bogulubov transformation between them 
is computed. Surprisingly, it is found to be trivial in odd-dimensions. This means that 
for the in vacuum of odd-dimensional de Sitter space there is no particle production. This 
result did not appear in previous analyses, which largely considered the four-dimensional 
case. 

In section 4 we specialize to dSs and consider the dual CFT 2 interpretation of these 


results, along the lines proposed in |^. We hrst compute the boundary behavior of the 
massive scalar Green function as a function of the vacuum parameter a. This behavior 
is hxed by conformal invariance up to overall constants which are cr-dependent. The 
boundary correlators have an especially simple form in the in vacuum. For both points on 
X~ (or both on X"*") they vanish® This is related to the fact that on X“ the spatial kinetic 
terms vanish and the theory becomes ultralocal. For one point on X“ and one on X"*" 
they do not vanish. The simplicity of this behavior suggests that the in vacuum, despite 
the unphysical singularities, may play an important role in understanding the dS/GFT 
correspondence. 


^ We benefitted greatly from discussions with M. Spradlin and A. Volovich on this point. There 
is in fact a four-complex-parameter family of dS-invariant Wightman functions, characterized by 
the (complex) strengths of the coincident and antipodal poles, as well as the two possible ie 
prescriptions at each pole. Only a one-complex-parameter family of these is known to be realizable 
as two-point vacuum expectation valnes. Analytic continnation from AdS gives a resnlt which is 
not realized within this family. 

^ Except for a contact term which is compnted. 
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One way of generating a family of correlators in a CFT is by deforming the theory by 


a marginal operator. In [13| it was argned that a scalar held of mass m is dnal to a pair of 


CFT operators 0± with conformal weights 1± Vl — The composite operator Oj^O- 

always has dimension 2 dor any m, exactly what is reqnired for a marginal deformation. 
We show explicitly for real a that this composite operator deforms the correlators in the 
same way as shifting a. 

In section 5 we consider the dehnition of the adjoint in the Hilbert space of the scalar 
held. In standard treatments of 2D Enclidean conformal held theory, the adjoint of an 
operator involves a (non-local) rehection abont the nnit circle. This prescription becomes 
the nsnal local adjoint when mapped to the cylinder. The “naive” adjoint for a bnlk scalar 
held indnces an adjoint in the Enclidean CFT which is local, and hence does not agree 
with the nsnal Euclidean CFT adjoint. However, in [|^ Witten introduced a modihed 
bulk inner product and corresponding adjoint. We show that, after a modihcation of the 
parity operation, Witten’s bulk adjoint induces precisely the standard non-local Euclidean 
CFT adjoint. We further show that with the modihed adjoint the SL{2, C) generators 
obey cl = C-n (in a standard notation), as opposed to the relation Cl = Cn implied by 
the naive adjoint. 

As in the AdS case one expects that diherent coordinate systems in dS are relevant for 
diherent physical situations. In section 6 we consider static coordinates for dSa, in which 
the metric is 

+ r‘^dip^, ( 1 . 2 ) 


(j rj'r‘^ 


where £ is the de Sitter radius. These coordinates do not cover all of dSa with a single 
patch. Nevertheless, they do cover the so-called southern diamond—the region causally 
accessible to an observer at the ‘south pole’ r = 0. Moreover, the symmetry generating 
time evolution of the southern observer is manifest in static coordinates. Hence they 
appear well-adapted to describing the physics accessible to a single observer, as advocated 
X~ is at r —> cxo and is conformal to a cylinder. 


m 


In the (t, r, ip) coordinates, the full dSa spacetime can be covered with four patches 
separated by horizons. We solve the scalar wave equation in each patch and construct 
global solutions by matching across the horizon. It is shown that the in vacuum on the 
cylinder and the in vacuum on the sphere are equivalent. A southern density matrix is 
constructed from the Euclidean vacuum by tracing over modes which are supported only 
in the northern causal diamond and are thereby unobservable to the southern observer. 
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This is explicitly shown to be a thermal density matrix at temperature T^s = 2 ^^ with 
energy measured with respect to the static time coordinate in (|1.2|) . (This result is implicit 
in the original work |4^] .) 

In section 7 we extend the static coordinate discussion to the Kerr-dSa geometry which 
represents a pair of spinning point masses at the north and south poles of dSs- This has 
a Gibbons-Hawking temperature Tqh and angular potential ^gh which depend on the 
mass and spin. It is shown that, after tracing over northern modes, one obtains a thermal 
density matrix at precisely temperature Tgh and angular potential VLgh- 

According to the dS 3 /CFT 2 correspondence the quantum state on a bulk spacelike 
slice ending on X~ is dual to a CFT state on the boundary of the spacelike slice at X' -H 


The dS-invariant bulk vacuum should be dual to the SL(2, C) invariant CFT vacuum. For 


pure de Sitter space, we therefore expect to see a Casimir energy —c/12, where c = ^ is 
the central charge of the CFT computed in |]T^ . We hnd a two-parameter agreement with 
this expectation by computing the Brown-York boundary stress tensor in Kerr-dSa. This 


generalizes results of [42 


Finally, in section 8 we turn to the issue of de Sitter entropy. In the case of BTZ 
black holes in AdSs, the entropy formula can be microscopically derived, including the 
numerical coefficient, from the properties of the asymptotic symmetry group together with 
the assumption that the system is described by a consistent, unitary quantum theory of 


gravity [Q. String theory seems necessary in order to produce an actual example of such 
a theory, but the general arguments follow from the stated assumptions independently of 
the stringy examples. Therefore it is natural to hope that a similar discusion is possible 
for dSa. We report here some partial results but not a complete solution of the problem. 
Related discussions appear in [^^,|45|-|5m . 

The main observation is that if we simply assume Cardy’s formula for the density 
of states, then a CFT with c = ^ at temperature Tqh and angular potential flcH has 
a microscopic entropy precisely equal to one quarter the area of the Kerr-dSa horizon. 
The two-parameter ht is striking but at present should be regarded as highly suggestive 
numerology rather than a derivation. For one thing, the dual CFT is unlikely to be unitary 
0, and so there is no reason for Cardy’s formula to apply. Secondly, it is not clear how 
a mixed thermal state arises in the dual CFT. The natural CFT state associated to I~ 
is the SL{2, C) invariant vacuum, in agreement with the pure nature of the global bulk 
de Sitter vacuum. A mixed density matrix arises in the bulk only after tracing over the 
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unobservable northern modes. However, tracing over northern modes is a bulk concept. 
We have not succeeded in hnding a natural boundary interpretation of this operation. 

We believe this raises a sharp and important question whose answer may he within the 
present framework and in particular may not require a stringy construction of de Sitter. 
What is the meaning, in terms of the dual boundary CFT, of tracing out degrees of freedom 
which are inaccessible to a single observer? 

Two appendices detail useful properties of hypergeometric functions and de Sitter 
Green functions. For the rest of the paper we will set I = \ unless otherwise stated. 


2. Green Functions 


The two point Wightman f un ction of a free massive scalar can be used to characterize 
the various de Sitter invariant vacua. In this section we describe these Green functions 
and their properties. Previous studies of scalar held theory in de Sitter space, largely 
concentrating on the four-dimensional case, can be found in 


2.1. The Euclidean Vacuum and Wightman Function 

In this subsection we review the standard Euclidean vacuum and its associated Wight¬ 
man function. 

d-dimensional de Sitter space (dS^) is described by the hyperboloid in d-f-1-dimensional 
Minkowski space 

P{X,X) = 1, (2.1) 

where 

PiX,X')=gabX‘^X'\ a,6 = 0,...,d. (2.2) 

We will use lower case x to denote a d-dimensional coordinate on dS^ and upper case X 
to denote the corresponding d -|- 1-dimensional coordinate in the embedding space. The 
function P{x, x') is greater than one for timelike separations, equal to one for lightlike 
separations, and less than one for spacelike separations. In fact, P{x,x') — cosd, where 6 
is the geodesic distance between x and x' for spatial separations, or i times the geodesic 
proper time difference for timelike separations. 

A vacuum state |n) for a free massive scalar in de Sitter space with the mode expansion 

(pi^) = [^ri(pn{x) + al^^*^{x)] (2.3) 
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can be defined by the conditions 


where an and as nsnal obey 




[O'nj ®r7i] ^nm- 

The modes (j)n{x) satisfy the de Sitter space wave eqnation 

(V^ - = 0. 


(2.4) 

(2.5) 

( 2 . 6 ) 


and are normalized with respect to the invariant Klein-Gordon inner prodnct 

{4>n,4>m) ^ -i J {4>n%(Kr^ = dnrn- (2.7) 

The integral is taken over a complete spacelike slice E in dS^ with indnced metric h^j, and 
, where is the futnre directed nnit normal vector. The norm ( p.7| ) is 
independent of the choice of this slice. |0) depends on the choice of modes appearing in 


(ij)- 


The Wightman fnnction, defined by 

Ga{x,x') = (S2|-)>(x)<))(x')|12) ^ y']4'n{x)<p^{x'), 


(2.8) 


characterizes the vacuum state |0). There is a unique state, the “Euclidean vacuum” 
\E), whose Wightman fu n ction is obtained by analytic continuation from the Euclidean 
sphere. This state is invariant under the full de Sitter group. In d spacetime dimensions 
the Wightman f nn ction in the state \E) is 

Ge{x,x') = {E\(j){x)(f){x)\E) = Cm,dE{h+, h_; ^ 


h± = —-— ± zp 


H = \ — 


d — 1 


(2.9) 


^ r(/i+)r(ft_) 

Cm,d — 


(47r)^/2r(f)' 

Ge is real in the spacelike region P < 1 and singular on the light cone P = 1. The ie 
prescription near the singularity is 


Ge{x,x') ~ ((t — t' — ief' — |T — T'p)) 


( 2 . 10 ) 
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Note that this prescription cannot be written in terms of the invariant qnantity P alone, 
which is time-reversal invariant. Ge obeys 


(V^ — m‘^)GE{x, x') = 0. 


( 2 . 11 ) 


In addition to the Wightman fnnction, the Feynman propagator 


Gf{x, x') = 0(t — t')G{x, x') + — t)G{x'j x) 


and commutator 


Gc(x, x') = G{xj x') — G{x', x) 
are also of interest. With the normalization (|2.9|) Gf obeys 


(V^ — m^)GF{x, x') — —p^S'^{x, x'). 


( 2 . 12 ) 


(2.13) 


(2.14) 


2.2. The MA Transform 


In this subsection we describe the MA (Mottola-Allen) transform [^,|4T[] , which relates 
the various de Sitter invariant vacua and Wightman functions to one another. 

Let 4>n{x) denote the positive frequency modes associated to the Euclidean vacuum. 
Explicit expressions for (ffl will be given later (sections 3.3 and 6.5), but we don’t need 
them now. Let xa denote the antipodal point to x on the de Sitter hyperboloid (i.e., 
Xa = — W). Then, as will be seen below, the Euclidean modes can be chosen to obey 


Now consider a new set of modes related by the MA transform 

1 


(2.15) 


4,n = iV„ = 








(2.16) 


where a can be any complex number with Rea < 0. The modes ( p.l6|) can be used to 
dehne new operators hn and via a decomposition of the form ( p.3|) . These are related 
to the Euclidean operators and by 


This may be rewritten as 


= JV„(o®-e“‘aP). 


an ^Uanli\ 


(2.17) 


( 2 . 18 ) 











where 


U = exp |^c(aft)2 - c(af)2| , c{a) = ^ |^lntanh 


—Re a 


—i Im a 


The vacuum state 


|a) = U\E) 


(2.19) 


( 2 . 20 ) 


is annihilated by the a„. The operator U is unitary, so (|2.2U| ) is properly normalized. In 
the quantum optics literature, |q:) is known as a squeezed state. Equation (|2.20| ) may be 
formally rewritten as 

|a)=CexpQe“*(af)2^ |E), (2.21) 

where (7 is a constant. Although this expression is not normalizable (so C is technically 
zero), it is often more convenient than (|2.20| ). 

The Wightman function in the state |q;) is 


Go,{x,x') = y^^^ri[x)(^*^{x'). 


( 2 . 22 ) 


Using (|2.15| ) and ( |2.1(j|) this can be rewritten as a sum over Euclidean modes, 
Go,{x,x') = Nl^[^^{x)^^*{x') + ^^{x')^^*{x) 

n 

+ e“* (Pn {x)<Pn* [x'a) + {xA)(pn* (a:')], 

and then evaluated as 


(2.23) 


Gc{x, x) = [Ge{x, x') + Ge{x\ x) + e “ Ge{x, x'^) + G^Ge{xa, a :')] ■ ( 2 . 24 ) 

Hence it is easy to obtain the |q() Wightman function from the Euclidean one. Since these 
Wightman functions depend only on the SO{d, 1) invariant quantity P (away from the 
singularities) this construction demonstrates the invariance of the |q;) vacua under the 
connected part of the de Sitter group. Note however that if a is not real the collection 
of modes ( p.l6|) is not mapped into itself by GPT. Therefore the |q;) vacua are GPT 
invariant only for real a. 

Of course, since the commutator of two helds is a c-number, the commutator function 
Gc must be the same in all vacua. It is easy to check that the commutator constructed 


from the two point function (|2.24|) has this property. 
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The Wightman function ( p.24|) has several peculiarities. Firstly, there are antipodal 
singularities at x' — x a- However such antipodal points are separated by a horizon so this 
singularity is not observable. Secondly, the singularity at coincident points has a negative 
frequency component coming from the second term in ( |2.24|) (although the commutator is 
unaffected). This means that for e“ 7 ^ 0 the vacuum state does not approach the usual 
Minkowskian one even at distances much shorter than the de Sitter radius. This “un¬ 


physical” behavior was to be expected since the MA transform (|2.16|) involves arbitrarily 
high-frequency modes. Despite these peculiarities we will see that these vacua play an 
interesting role in the dS/CFT correspondence. 


2.3. Analytic Continuation from AdS 


An alternate way to get a dS Green function is by double analytic continuation from 
AdS via the hyperbolic plane.! In fact, we shall argue that this yields a Green function 
which differs from any of those discussed in the previous subsection and therefore, as far 
as we know, is not physically realizable as the Wightman function in any vacuum state. 
Hence the dS/GFT correspondence is not in any precise sense that we know of the analytic 
continuation of the AdS/GFT correspondence, and care must be taken in extrapolating 
from the latter to the former. 

AdSrf has a unique SO{d— 1, 2 ) invariant vacuum whose scalar Green functions can be 
obtained as a sum over normalizable eigenmodes. The wave equation allows two possible 
falloffs (fast and slow) at inhnity, but only the fast falloff appears in the Green function. 
Double analytic continuation from AdS to dS will therefore yield a dS Green function with 
only one of the two possible falloff rates (which become complex conjugates for large enough 
m). This cannot be the Euclidean dS Green function, as the latter involves both falloffs. 
There is a vacuum |q;) whose Green function has the required falloffB. However from (|2.24| ) 
we see that the Green function for every state except \E) has a coincident point singularity 
with a coefficient larger than that of \E) and containing two terms with opposite-signed 
ie prescriptions. However double analytic continuation from AdS will yield a coincident 
point singularity with a canonical coefficient and a single ie prescription. Hence it yields 
a Green function which is not realized as {a\4>{x)4>{x')\a) for any a. 


3 

4 


See pi7,Sl| for discussions. 


It turns out to correspond to the in vacuum discussed below. 
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2.4- Particle Detection 

In this subsection we discuss particle detection by a geodesic observer in the |a) vacua. 
We will hnd a thermal spectrum only for the Euclidean vacuum. 

Consider an Unruh detector moving along a timelike geodesic, which couples to the 
held as 

J dt m{t) (4){x{t)) (2.25) 

where m{t) is an operator acting on the internal states of the detector and the integral is 
over the proper time along the detector worldline. Without loss of generality we may take 
the detector to be sitting on the south pole. Let’s assume that the detector has a spectrum 
of states \Ei) with energies Ei, and dehne the matrix element rriij = {Ei\m{Q)\Ej). In the 
vacuum state let) the transition rate between the states \Ei) and \Ej) may be evaluated in 
perturbation theory (see, e.g. the review [|62| ) 

/ CX) 

dte-^^^^G^{x{t),x{Q)) (2.26) 

-OO 

where AE = Ej — Ei. 

First, let us study particle production in the Euclidean vacuum. For two timelike 
separated points x and x' we have P{x,x') — cosht and P{xatX') — — cosht, where t is 
the proper time between x and x'. We take t to be positive (negative) if x is in the future 
(past) light cone of x'. As a function of t, the appropriate ie prescription for the Wightman 
function is 

Ge{x,x') = GE{t — ie) (2.27) 

indicating that for positive (negative) t we should go under (over) the branch cut from 
P = 1 to P = cxD in ( |2.9|) . As a function in the complex t plane Ge obeys 

GE{t) =GE{-t-2m). (2.28) 

GEit) =GE{t-2m). (2.29) 

To evaluate Ge{x'^ x) we must take t ^ —t 

Ge{x4 x) — GE{—t — ie) = GEit + ie — 27rz). (2.30) 

Similarly, we may evaluate 

GEix, x'j^) = GEixA, x') = GEit — iTr). (2-31) 
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The points x and are spacelike separated, so it is not necessary to insert an ie. 

Let ns consider the example of d = 3. As a fnnction of t, the Green fnnction ( |2.9| ) has 
singnlarities at t = mii for all n 7 ^ —1. This may be seen from the alternate form of the 
Green function presented in Appendix A. Thus in the evaluating (|2.26| ) we may deform 
the contour of integration in the complex t plane 


dte 


—iAEt 


GE{t — ie) — e 


—7rA.E 


dte 


— iAEt 


GE{t — in) 


(2.32) 


-2-kAE 


dte 


— iAEt 


GE{t — 2ni + ie). 


The e terms have been dropped. Using (|2.28|) and the second line of (|2.32| ) we hnd 
that the detector response rate ( p.26|) obeys 


pEjEj —» Ej) _ ^-2nAE 
pE{Ej Ei) 


(2.33) 


in the Euclidean vacuum. This is the condition of detailed balance for a thermal system 
at the de Sitter temperature 


Tds = 


1 

2^' 


(2.34) 


For a general vacuum state |q;) we may use the identities ( p.32|) to relate the integrals 


of all four terms in (p.24| ). We hnd 


CX) nOO 

( 4 . _ 7V7'2|-i I ^E\‘l I 


dte~ 


Gait — ie) — A^q.|1 T c 

J —00 

So the ratio (|2.33|) becomesS 


dte 


— iAEt 


GeP - ie). 


(2.35) 


Pa{Ei E 


Pa {Ej Ei 


J) _ ^-2nAE 


l + e 


(y.-\-7rA.E 


1 + 


(2.36) 


We conclude that the detector response is not thermal. In general the detector will not 
equilibrate. Even though the ratio ( p.36|) is non-zero, we will see in the next section that 
there are vacua for which, in a certain sense, there is no particle creation. 


This expression was obtained for the case of a scalar with conformal mass in [^|. 
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3. The Sphere 


In this section we stndy scalar field theory on dSd in global coordinates (r, O). The 
metric is 

ds^ =—dr‘^ + cosh^ T dQ‘^_I, (3.1) 

where dVt^_i is the nsnal metric on S'^~^ ^ parameterized by the coordinates O. A important 
featnre of these coordinates is that they cover all of dSd and hence are snited to a global 
description of the qnantnm state. 


3.1. Solutions of the Wave Equation 

In this snbsection we find solntions to the massive wave eqnation 

(V^ — wf)(t) — 0. 

This differential eqnation is separable, with solntions 




The Itj are spherical harmonics on 5“ ^ obeying 


= -L(L + d- 2)yij. 


(3.2) 


(3.3) 


(3.4) 


Here L is a non-negative integer and j is a collective index (ji,..., jd_ 2 ). We will nse a 
non-standard choice of Y^j’s, with 

yL,.(S 2 a) = Yi,(n) = (-)^yij(sj). (3.5) 

Here Qa denotes the point on S‘^~^ antipodal to O. In terms of the nsnal spherical 
harmonics Slj, 

YLi = -Jl SLi + ( 3 . 6 ) 

The fnnctions Y^j are orthonormal, 

J dnYLjin)Yi,^,{n) = Sll'Sjja (3.7) 

and complete, 

^yt,(fi)yiy(fi') = (3.8) 

Lj 
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We then have 


Vl {d — 1) tanhryi, + + 


L{L + d-2) 
cosh^ r 


Vl = 0. 


(3.9) 


In terms of the coordinate a — —e^'^ this becomes 


- (^)yL + 


^ /-I d - 1, 

( 1 -—)-(! + —)<^ 


y'L + 


m? 1 — cr L{L + d — 2) 


4 a 


1 — a 


Let ns make the snbstitution 


PL = 0 . 

(3.10) 




= cosh^re(^+ — 


X. 


(3.11) 


With 


= \ — 


{d-iy 


eqnation (b.l0|) becomes a hypergeometric eqnation for x, 


(3.12) 


a(l — cr)x'' + [c — (1 + a + b)a] x' — abx = 0, 


(3.13) 


with coefficients 


ct — L 


d-1 


b 


L + 


d-1 

2 


-in, 


c = 1 — ifi- 


(3.14) 


Let ns consider the case of real positive /r, i.e., 2m > {d — 1). We hnd that 


2L+d/2-l 


yt = 


y/d 


cosh^ re 




F{L-\ --— ,L-\ ---z/r; 1 — f/r; —e^"^) (3.15) 


and its complex conjugate are two linearly independent solutions. The normalization is 
hxed by demanding that these modes are orthonormal with respect to the inner product 
( p77| ) , which is easily evaluated on I~. 


3.2. In and Out Vacua 

We now use the solutions ( |3.15|) to construct in (out) vacua with no incoming (out¬ 
going) particles, and hnd the Bogolyubov transformation relating them. Note that (|3.9| ) 
is invariant under time reversal. Hence we obtain another pair of linearly independent 
solutions by dehning 

yr\r)=yfi-T). (3.16) 
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Explicitly, 


r)L+d/2 — l ^ /7 — 1 

VT^ = -^cosh^re^-^- —,L+^—(3.17) 

y/ H 2 2 

At the past boundary (r —> — cxd) we find that F ^ 1 and hence 


(2dj2 


-1 


Vl 






(3.18) 


while at the future boundary (r —> cxo) 


^ g-(AA+»M)T- 




(3.19) 


Thus we see that the modes 


<i^Ej{x)=yf{T)YLj{n) 

rL-ix)=yT\T)YL,in). 


(3.20) 


are positive frequency modes with respect to the global time r near the asymptotic past 
and future boundaries, respectively. They represent incoming and outgoing particle states. 
They dehne two vacua, |in) and |out), which are annihilated by the lowering operators 
associated to and respectively. Physically, |in) is the state with no incoming 

particles on I~ and |out) is the state with no outgoing particles on X+. 

The Bogolyubov coefficients relating the two sets of modes can be found by using the 
hypergeometric transformation equations (summarized in Appendix B) and (|3.5|) . One 
hnds 

(3-21) 

where 

f 1 , d odd f 0 , d odd 

A=l ^ B = I ^ ; (3.22) 

y cothTT/i, d even y (~)^ cschTr/r, d even 


we have isolated the phase 

2 'rin) 

for later convenience. The coefficients obey |Ap — |i?p = 1 as required for properly 
normalized modes. 
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Note that S, the coefficient mixing positive and negative frequency modes, vanishes 
in odd dimensions. This implies that the two sets of modes define the same vacuum: 

I in) = I out) in odd dimensions. (3.24) 


Hence, there is no particle production. If no particles are coming in from X ~, no particles 
will go out on X+.i This is in contrast to the even-dimensional case for which there is 
always some particle production. 

From ( 3.181) it follows that ~ near X“. In the language of |^], this implies 
the modes are dual to operators of weight h_|_ on the boundary. Likewise, are 
dual to operators of weight h-. The de Sitter transformations act on the boundary theory 
as global conformal transformations, which do not mix operators of different weight. We 
conclude that (p^^ and (p^^* do not mix under the de Sitter group, so the states |in) and 
|out) are de Sitter invariant. 

It is convenient to define the rescaled global modes 


^%{x) = e‘0‘-yt(T)Yi,,{n) 


= e 


(3.25) 


This is a trivial phase shift, so |in) and |out) are the states annihilated by the lowering 
operators associated to and respectively. In this basis the Bogolyubov transfor¬ 
mation 

= A^jPfix) + iB^lf*{x) (3.26) 

has the form of an MA transform, and so can be used to define additional de Sitter invariant 


vacua. The modes (|3.25|) have the useful property that for any point x 


where xa 


<p^£^{xa) = <PTri^) 

-T, Oyi) is the point antipodal to x. In odd dimensions this becomes 


(3.27) 


<pLj{xA) = (pLj*ix)- 


(3.28) 


This implies that in odd dimensions the in vacuum is CPT invariant, whereas in even 
dimensions CPT interchanges in and out. 

® Note however that according to (^.36|) an Unruh detector still observes particles. 
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3.3. The Euclidean Vacuum 


In this subsection we construct the Euclidean vacuum \E) in the basis of spherical 
modes. 


The Lorentzian de Sitter geometry (|3.1|) can be continued to Euclidean signature by 


taking r to run along the imaginary r axis, from r = —^tor = ^. The resulting 
geometry is a round d-sphere. We dehne the upper (lower) Euclidean hemisphere as the 
portion of this path that lies in the upper (lower) complex r plane. In particular, the 
upper (lower) Euclidean pole lies atr=^(T = —^). 

We dehne positive frequency Euclidean modes to be those that are regular when 
analytically continued to the lower Euclidean hemisphere. In this subsection we hnd these 
modes in global coordinates. The Euclidean vacuum \E) is the state that is annihilated 
by the positive frequency Euclidean modes. 

We may rewrite (|3.10|) in terms of the variable z = 1 — a = 1 + e^'^, which is well suited 
to analyzing the behavior of global modes on the Euclidean geometry. Upon substituting 


yf = cosher 


(3.29) 


we obtain the hypergeometric equation 


^(1 



+ [2 


(l + a + i, )a] — 


ab* X 


0 , 


with positive integer coefficient 


c — 2L + d — 1. 


We hnd the general solution 


X - CUi + DU2 


where 

= F{L + L + +i^-2L + d- 1; z). 

The second solution is given by 

U 2 = -L- l + ifi-L- 3-2L-d-,z) 

2 2 

if d is odd, and by 

CXD 

U2 = Uilnz+ 

k=2-2L-d 


(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 
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if d is even; the coefficients Qk are found, e.g., in . 

The Lorentzian geometry lies on the path from z = 1 (X“) along the real 2 ; axis to 
^ = +CX 0 (X+). On the throat, at z — 2, it intersects with the Euclidean geometry, which 
lies on a unit circle centered at z = 1. The lower (upper) hemisphere corresponds to the 
lower (upper) half-circle. The Euclidean poles are at z — 0. The functions (|3.32| ) have a 
branch cut from z — 1 to z — -t-cxD. Hence, they are not analytic on the whole Euclidean 
sphere. By choosing the Lorentzian path to run just below the real axis [z —^ z — ie), 
we obtain solutions that are analytic on the lower hemisphere and the entire Lorentzian 
geometry. 

The first solution (|3.33|) is regular in these regions, whereas the second solution, (|3.34|) 


or (|3.35|) , becomes singular at the lower Euclidean pole, at z = 0 — ie. Hence we discard the 
second set of modes and keep the first. The modes can be analytically continued through 
the branch cut to the upper hemisphere, where they are not expected to be regular. 

The normalized Euclidean modes are 




X) 


where 


Vl 




1 


yf(r)n,(0) 


y^^g27rM _ 1 


(3.36) 


cosh^ re 




F{L + L + +in-2L + d-l-,l + 


(3.37) 


/l = 


r(2L + d- 1) 
r(L + ^^) 


^(^^) 




The Euclidean Green function 


is then given by the mode sum 


Ge{x,x') ^^(j)fj{x)(j)f*{x). 
L,j 


(3.38) 


This expression was given in the four-dimensional case in 


3.4- The \E) —> I in) Transformation 

In this subsection we show that the Euclidean and in vacua are MA transforms of 
each other. 

Let us again specialize to the case of 2m > (d — 1). The are then related to the 
y'" by 

vE = h . (3.39) 
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So the Euclidean modes are related to the global modes by 



1 

Vl - 


(A" + . 


(3.40) 


from which it follows, along with (3.28) and (b.2ti|), that 


(pLji^A) = (Pfj* 


(a:) 


(3.41) 


in any dimension. This implies the Euclidean vacuum is CPT invariant. 


Now, (3.40) may be inverted to give 



1 

Vl - 



(3.42) 


which is an MA transformation with 


a — —TTfi + 



(3.43) 


We have thus identihed the MA transformation relating the |in) vacuum and the Euclidean 
vacuum \E). 


4. CFT Interpretation 

In this section we interpret the CPT invariant (real a) family of bulk de Sitter invariant 
vacua as a line of marginal deformations of the boundary CFT. A similar interpretation 
may extend to the the case of general complex a but we do not pursue it here. In this and 
later sections we restrict to the case d = 3. 


4 . 1 . Correlators 


In this subsection we evaluate the various Green functions appearing on the right hand 
side of (|2.24|) for x and x’ on X=*=, and then put the results together to see how the boundary 
values of the correlators depend on a. We use global coordinates (r, O), Vt = (tc, w), where 
w = tan is the complex coordinate on the 2-sphere, so that 




—-I- 4 cosh^ r 


dwdw 

(1 -|- ww)‘^ 


(4.1) 
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The behavior of the correlators at follows from the asymptotic form of the hyper¬ 
geometric functions. As |. 2 | —> cxo one has (see Appendix B) 

Fih+,h-,^,z) +C-{-zy’'-, 

^ T(l)T{h^-h±) (^-2) 

r(ft:f)r(|-h±)' 


This expression is not in general real (unless z is real and negative) because the h± = l±z/r 
are not real. In spherical coordinates one hnds near I~ 


lim P{t, O; t', Q') 

t,t'—> — oo 


_-T- •7“ ^ I / I 2 

e \w — w \ 

2(1 -I- ww){l + w'w') 


(4.3) 


For X = (r, O) and x' = (r', O') both on X 


lim ^^(x,^') = e''+("+"')A+(0;0')+ e''-("+"')A_(0;0'). (4.4) 

t,t'—> — oo 


A± here is proportional to the two point function for a conformal held of dimension h± 
on the sphere: 


A±(0; O') = 4^±Cm,dC± [ 


(1 -t- ww){l -t- w'w') ^ h± 


/|2 


(4.5) 


We note that Ge{x, x') = Ge{x' , x) on X“ as the points are spacelike separated. We have 
assumed here, and in the following expressions (unless explicitly stated) that x and x' are 
not coincident so that contact terms can be ignored. 

Let us now consider the case where x is on I~ and x' is on X+. Since the antipodal 
point to x', namely x)^ = (—r', 0(^) = (—t', (|4.4|) and the 

formula 

P{x,x') = —P{x,x'y^). (4.6) 


In continuing (|4.4|) to positive P we must take care to go above the branch cut, in accord 
with the ie presription for the Wightman function with r' > r. We hnd 


lim G'e(x,x') =-e^+(^-^')e-^'^A+(n;n( 4 )-e''-(^-^')e''^A_(n; 0 ( 4 ). (4.7) 

T —»• — OO 
—»• OO 

To evaluate G'^(x',x) we must go under the branch cut, yielding 

lim Ge{x',x) = 11 ( 4 )-e^-(^-^')e-'''^A_(n; 0 ( 4 ). (4.8) 

T —*• — OO 
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Now we insert these results into formula ( 2.24 ) for the Wightman function in the 
general vacuum state |a). For both points on X~ one hnds 

Go,{x, x') = iV^(l - e“+"'^)(l - O') 

+ N^{1 - e““"^)(l - e“*+"^)e^-("+"')A_(0; O'). 


lim 

—>• —OO 


(4.9) 


On the other hand for a: on X and x' on X+ we get 

lim. Ga{x, x') = - A+(0; Q'^) 

- - e“-^^pe^-(^-^')A_(0; 0)4). 


T —>■ — 00 

—► 00 


(4.10) 


We see that the boundary correlators depend nontrivially on the choice of vacuum. Since 
we have taken |P| —cx), these formulae are valid only for non-coincident points on X^ and 
omit possible contact terms. 

Let us now turn to the interesting special case of the in vacuum, which has a ~ —tt^. 
For both points on I~ it follows from ( [4.9|) that the correlators vanish! On the other hand, 
for X on X“ and x' on X+ we get 


lim Gin(a;, a:') = — 2 sinhTT/U ^A_( 0 ; 0)4), 

T —»• — 00 
t ' —»• 00 

lim Gin{x',x) — —2sinh7r/ie^+*'’'^“’^ ^A_|_(n; 0)4). 

T —»• — 00 


When the points on X“ coincide there is a contact term which can be easily com¬ 
puted by noting that the Wightman function on I~ reduces to a mode sum over spherical 
harmonics. This gives 

lim G'in(a:,a:') =-e^-"+^+"'52(0,0'). (4.12) 

t , t '—» —00 H 

The situation can be described as follows. As X“ is approached, the spatial part 
of the scalar kinetic terms are exponentially supressed relative to the rest of the action. 
Neighboring points decouple and the theory becomes ultralocal. It reduces to a harmonic 
oscillator at each point; hence the vanishing of Gin. However, the map dehned by propa¬ 
gation from X“ to X"*" is not ultralocal on the sphere. It introduces nontrivial correlators 
when one point is on X“ and the other is on X+. 

Of course, in other vacua—such as the Euclidean vacuum—there are nontrivial X“ 
correlators. As will be seen in the next subsection, the wave functions for these vacua 
differ from the in vacuum wavefunction by terms which are nonlocal on X“. These terms 
are directly responsible for the nontrivial X“ correlators. 
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J^-.2. dS Vacua as Marginal CFT Deformations 


Now we argue that the dual interpretation of the one-parameter family of dSa vacua 
is a one-parameter family of marginal deformations of the CFT. It is convenient to dehne 
operators on I~ and X+ by 


lim ft) = 

r^ — oo ~ 

lim Da) = (/)+. 

T^OO ~ 


(4.13) 


has been dehned with an antipodal inversion relative to 




SO that they transform 
the same way under conformal transformations 0. These are position space versions of 
the creation operators associated to the spherical modes and 


tout 


= (•/'■-"(SI))' = i/f 

V ^ Lj 

* ^ Lj 


(4.14) 


From the asymptotic Green functions (|4.12| ) and ( [I.ll|) we hnd that the only non-zero 
commutators are 


|i.‘_”(si),«(S2')] = |i.r(n)>°-“(si')l = 

= ±2 sinhTTiU A±(0, O'). 


The in and out operators are related by a Bogolyubov transformation and hence are 
not independent. In this subsection we take to be the fundamental operators. At a 
general point in the bulk cf) is determined from its value on 2~ via 

(fi{x) — i j df'x’ ^/gGc{x,x’)^ r'4>{x'). (4.16) 

In particular, taking x to be on X"*" and using the limiting expression for Gc (which does 
not depend on a) we hnd 


(/,5)^t^O) = -/rsinhTT/r j A±{n,n') (f)^{n'). (4.17) 

This is a position-space version of the Bogolyubov transformation ( |3.21|) .B We see that the 
absence of mixing between and , which seemed so surprising in section 3.2, follows 


In fact, expression (4.17) is singular for Q = Q' and so is really defined by (^-21). 
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directly from the asymptotic behavior of the Green functions. We note parenthetically 
that this implies the identity (verihed in |p^]) 


{fismhTTfif / d 2 o"A_( 0 , 0 ")A+( 0 ", 0 ') = 


(4.18) 


The I in) vacuum obeys 

(/)'T(0)|in) = 0. (4.19) 

The general let) vacuum state discussed in section 2.2 can be constructed in terms of the 


m vacuum as 


|a) = exp c(7)f / - 0 ( 7 )^ / } |in), (4.20) 


where 


sinh^^ 

=7 _ _ 


sinh^^ 


(4.21) 


and the function c is given by (|2.19|) . This equation may be formally rewritten as 

|a) = Gexp J |in). (4.22) 

These vacua obey the manifestly SL{2, C) invariant condition 

(j)^{n)\a) = -e^>°"*(0)|a). (4.23) 


2 5 


M 504 


of (iTl) to iWm . 


This is most easily seen by applying the representation = 

In particular, the Euclidean vacuum has a = —oo and therefore obeys 

(t)'^{n)\E) = e-'^>^(j)°^\n)\E). (4.24) 

Now we consider the boundary held theory. Consider the two operators 0± dual to 
with conformal weights h±. According to the dS/CFT correspondence |T^, the dual 
0± correlators are determined from the correlator (^1.9|) as 

{a\0±{yt)0±{n')\a) = - e“±’^^)(l - e“*^"^)A±(0, Q')- (4.25) 


The commutators (|4.15|) also imply the contact terms 


(a|0_(S2)0+(S2')|a) = f^^an'). 


pl+l II 


(4.26) 


{a\o+{n)o.ma) = 
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From the CFT point of view this is an unnsual contact term prescription in that it depends 
on the operator ordering. 

What is the CFT origin of the parameter cr? Usnally a one-parameter family of 
correlators corresponds to a line of marginal deformations generated by a dimension (1,1) 
operator. Indeed, Oj^O- is a dimension (1,1) operator. Let us consider adding this 
operator to the two-dimensional CFT action with real coefficient A. At linear order this 
perturbs the correlators according to the formula 


5A(a|o+(o)c>+(o')|a) =-(a|^ J dfi" {o+{n'')0-{n"), o+{n)o+{n')} \a) 

= —d/rAcothy {a\Oj^{yt)Oj^{yt')\a). 


(4.27) 


Let’s take a to be real, so that (q!|(!1-|-(!1-(-|q:) is a monotonically increasing function of a. 
Then the variation of the two point function as a —> ct-l-e is proportional to the deformation 


( [1-27I) , which may be integrated to determine A as a function of a. 

This strongly suggests that the family of CPT and SO{d, 1) invariant vacuum states 
are marginal deformations of the boundary CFT generated by the (1,1) operator 0+0-. 
The two point functions of these CFTs can all be made equivalent by rescaling operators, 
except for the special case a = —nfi. So in principle from this analysis alone the CFTs 
with a ^ TTfi might all be equivalent. In order to complete the argument one should check 
that the three point function is not invariant under such rescalings. This has been shown 

ra.i 


m 


5. CVT and the Inner Prodnct 


In this section we discuss various choices of norm for the Hilbert space of a real scalar 
held on dSa, or equivalently the dehnition of the adjoint. The hrst naive choice one might 
make is 

(j)^ (x) — (l){x). (5.1) 


However Witten 0 argues that this choice may not be well-dehned for full quantum 


gravity oustide of perturbation theory. An alternate norm is proposed [jT^ which involves 
path integral evolution form I~ to X"*" together with CVT conjugation. In this section 
we will explicitly compute this norm for a free scalar and hnd, after a slight modihcation 


We thank Greg Moore for discussions on this point. 
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involving the form of V, that it has a very natnral boundary interpretation: it yields the 
Zamolodchikov metric for the boundary CFT. 

Before delving into details it is instructive to recall an isomorphic discussion of norms 
which arises in the standard treatment of Euclidean CFT. Consider the mode expansion 
for a free boson on the Lorentzian cylinder (ignoring zero modes) 

X{a+,a-) ^ (5.2) 

n 

Using an one hnds 

{a~^,a~) = X{a~^, a~). (5-3) 


On the other hand, the standard mode expansion on the complex Euclidean plane is 


x{z,z)^iy-(^ + ^) 

z^ z^ 


(5.4) 


Using = an 


one now hnds 


X\z, z) 



a-r 


.2 Z 


(5.5) 


In this case the adjoint relates X at points in the Euclidean plane rehected across the unit 
circle. In particular the norm of the state created by X [z, z) or any other operator is just 
the two point function, and hence is the Zamolodchikov norm. 

Returning now to dSa, the naive adjoint rule (|5.1|) induces an adjoint in the Euclidean 
boundary CFT of the form X^{z,z) — X{z^z). On the other hand we will show that 
the modihed Witten adjoint gives precisely (|5.5|) . We further consider the dSa SL{2,C) 
isometry generators for n = 0, ±1. It is shown that = Cn for the naive adjoint, 

but y = C-n for the modihed adjoint. 

Although we take d = 3, much of the following discussion carries over simply to higher 
dimensions. 
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5.1. Continuous and Discrete Symmetries of de Sitter Space 


dSa can be represented by the hyberboloid 

X+X-^zz^E^^ (5.6) 

in flat Minkowski space. The isometries of dSa are then inherited from the SL{2,C) 
Lorentz isometries of Minkowski space. The six generators can be written as combinations 
J + iK of rotations and boosts together with their complex conjngates. We denote the 
associated Killing vectors by (n and (n for n = 0, ±1. The past and fnture horizons of an 
observer worldline at z — 0 are located on the hyperboloid at X~^X~ = 0. We denote the 
Killing vectors preserving this horizon as 

Co + Co =~ 

(5.7) 

Co - Co = - zdz- 

The fonr additional Killing vectors are 

Cl = x+d^ - zd-, 

C-i = X~dz - zd+, 

(5.8) 

Cl = X+ds - zd-, 

C-i = X~dz - zd+. 

They obey the Lie bracket relation 

[Cmj Cn] = {n m)C,rn+n- (5-9) 


In addition, we consider the two discrete symmetries parity and time reversal 


PX^ = X^, Pz = -z, 
TX^ = X^, Tz = .s. 


(5.10) 


In terms of the global coordinates (r, 11), P takes a point H = {9, (p) on the 2-sphere to the 
point PD = {9,7t + ip) and T takes r to —r. 


Our choice of parity P in (|5.1C1|) reflects all the coordinates about an observer at the 
south pole. An alternate choice is Pz = z which reflects only one coordinate. This is the 


choice employed in [^, motivated by the fact that the corresponding CVT operation is 
known to be an exact held theory symmetry, after taking a flat space limit of dSs. We 
shall indicate below how the results are modified if this definition of P is employed. 
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5.2. cvr 


We now compute the action of the discrete symmetries C, V and T on the held 
operators. 

We consider a real scalar held so that C is trivial. We wish to hnd Hilbert space 
operators V and T that implement (|5.10|) on (i){x) as 


V(f){x)V = (f){Px), T(j){x)T — (f){Tx). 


(5.11) 


As usual T = UK is an antilinear operator which combines a unitary operator U with 
complex conjugation K of functions. 

The mode expansions for cj) in terms of the and modes are 

i.(r, a) = J 2 «yK)YL,(n) +(5.12) 

L,j 

4.{t, a) = ^(a°i“'j,r'(r)m(Sl) + blfvT^'{T)Yl,{a)) (5.13) 

L,j 

We have written lowering and raising operators as a’s and 6’s, respectively, and are not 
assuming here that = b. 

We dehne the action of V by 




vui^v = {-yuE^ 


(5.14) 


and similarly for the out operators. Since YLj{PQ) = {—yYLj{^) this dehnition reproduces 


(b.ll|). We dehne the action of T by 


TaE,T = ThE,T = {-)H' 


^Lj 


Lj- 


>Lj ■ 


(5.15) 


At the same time it acts as complex conjugation on functions. The wave functions appear¬ 
ing in ( b.l2 ) transform as 

!/L”*(t) = vT{-r). 

Putting this together gives 


(5.16) 


L,j 

= O), 


(5.17) 
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as required. 


We wish to consider the action of CVT on the in and out held operators and v^_|_ 


out 


dehned by ( |4.13|) . Using (|5.14| )- (|5.1ti| ) these obey 


VT^^^{Sl)VT = 
VT(j)°^\n)VT = 

5.3. The Witten Inner Produet and Modifications 


(5.18) 


Following Witten [jT^, we now describe a modihed inner product. First we construct 
a bilinear pairing between states on X“and states on X"*". We will consider asymptotic 
states on X^ i 


l^m) _ / ^m(^)^m(Q)|in)^ |^out^_ / (Q) (Q) | in), 


(5.19) 


where \l/'"(0) and are functions on the 2-sphere. Using (|4.17|) , the out state can 

be expressed as a linear combination of in states 





(5.20) 


This corresponds to evolving the state backwards from X"*" to X , and dehnes the 

bilinear pairing 



(^out|^in) ^ _^gi^h7rp / / T°'^*(0')A-(0',0)T'"(0). 


(5.21) 


We now use the pairing to dehne an inner product on X that is antilinear in the hrst 
argument. Note that applying CVT to a state on X“ gives us a state on X+: 


CXX|T“) = / T^"*(P0^)(/)T(0)|in) 


(5.22) 


to which we may apply the pairing (|5.21|) . We hnd the inner product between two states 
on X“ 

^^m|Tin) ^ _^ginh7rp / /'t^"*(0)A_(P0^,0')^'"(^')- (5-23) 


® Of course, these states are linear in 6™ and The general asymptotic states will take a 
more complicated form. 
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For free field theory the norm 


(5.23) implies the adjoint relationsS 


= (piPTx), 


(5.24) 


This may look strange at hrst bnt is in fact precisely the nsnal norm employed for 
a Enclidean CFT. Note that P conpled with the antipodal map is reflection abont the 
eqnator, so that 


PA{z, z) = 


1 1 , 




(5.25) 


as in (|5.5|) . For states constructed by acting with operators on X“, it therefore follows that 
the norm is simply the two point function. Hence (|5.23|) gives the Zamolodchikov metric 
on the boundary CFT. 

Formula (|5.23|) in fact remains valid for any choice of P. Using Pz = z as in ||17|| , 
one finds instead of (|5.25| ), PA{z,z) — The adjoint then involves rotation by tt 

about z — Pi rather than reflection across the unit disc. 


5.4- Adjoints of the SL{2, C) Generators 


The quantum generators of the symmetries ( |5.7|) and 


are as usual given by 


r — I 

Jt. 

r — I 

JT, 


(5.26) 


for any complete spacelike slice E. We choose E to be the throat = X because it is 
mapped to itself under both P and T. For a massive scalar, 

= d^(j){x)d^(j){x) - [(V(/)(x))^ + m‘^(j)‘^{x)] . (5.27) 

With the ordinary inner product, is hermitian, and one finds = Cn- With the 
modified inner product, one has 


Ci = j dJ:^{x)T^^{PTx)C{x). 


(5.28) 


We then consider a coordinate transformation x' = PTx. One finds 


4 = / dY.'‘(PTx‘)T^^(x')Q{PTx'). 


(5.29) 
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It is intriguing that this adjoint relates degrees of freedom separated by a horizon. 


29 












Using the relations 


UPTX') = -C-n{x'), 


(5.30) 


it follows that 



= C 


— n • 


(5.31) 


In [|T^ the SL{2,C) isometries of dSa were conjectured to extend to a full Virasoro 
symmetry of the full quantum gravity (not just a free scalar). This naturally acted not on 
closed spacelike slices but on asymptotically flat slices ending on X. It would be interesting 
to compute the adjoints of these generators. 


6. The Cylinder 

In this section we study scalar held theory in static coordinates. Again for simplicity 
we specialize to dSs, although we expect the higher dimensional cases to be similar. The 
metric is 

ds'^ = -(1 - r‘^)dt^ + ( 6 . 1 ) 

(1 — r^) 

This metric is singular at the horizons r = 1, which divides dSa into four regions. There 
are two regions with 0 < r < 1 corresponding to the causal diamonds of observers at the 
north and south poles. We shall refer to these as the northern and southern diamonds. 
There are two more regions with 1 < r < cxo containing X+ and I~ which we shall refer 
to as the future and past triangles. On X^, where r —cx), the spatial metric approaches 
r‘^{dt^ + dip^) and hence is conformal to the cylinder. 

Unlike the global coordinates, static coordinates do not smoothly cover all of dS^. 
However, they are well-suited to describing the physics associated to an observer who can 
access a single causal diamond. The Killing vector ^ is manifest in static coordinates, 
but is future-directed only in the southern diamond; it is past-directed in the northern 
diamond and space-like in the past and future triangles. In the following we solve the 
scalar wave equation in the four regions. Then we patch the solutions together to get a 
global solution over all of dSs by matching at the horizons. We further show explicitly 
that tracing the Euclidean vacuum over the Hilbert space of the northern modes leads to 
a thermal density matrix in the southern diamond. 
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6.1. The Wave Equation 


The equation of motion for a scalar field of mass m is (V^ — m?)(^ = 0. In static 
coordinates, this becomes 


;d‘^ + \dr{l - r^)rdr + 


= 0 . 


The equation separates, so that a general solution can be expanded 

r*C>0 C)0 

^0 


pOO C)0 

r,cp)= du Y] 
Jo 




j = -oo 


where 

and fujj{r), are two linearly independent solutions of the radial equation 

dfu 


(1-0 


dr'^ 




+ 


3r 1 

dr 


+ 


l-j.2 J.2 ] 1^0 


6.2. The Northern and Southern Diamonds 
A solution smooth near r = 0 is given by 


( 6 , 2 ) 


(6,3) 


(6,4) 


(6,5) 


/uj(r) = rl-’l(l - r^)TF(o.6;c;r^), 

a= ^(lil+*‘^ +ft+). (6,6) 

*= j(|j| +ii^ + h_), 

c = 1 + Ul- 

We have not normalized this solution, although the necessary factor follows from computa¬ 
tions below. The superscript S denotes that this solution is in the southern diamond. One 
can show from the transformation formulae for hypergeometric functions (see Appendix 
B) that 

= f-u.j = fuj. ( 6 . 7 ) 

Similarly we may dehne northern modes 

C- = ^,(r)e-“‘+«^. (6,8) 
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It is convenient to nse the time coordinate t both in the northern and in the sonthern 
diamond. Although this coordinate system does not uniquely label points on all of dSa, 
there will be no confusion since we denote northern functions with a superscript N. The 
coordinate t runs forward in the southern diamond and backward in the northern diamond. 
Hence for w > 0 the modes ( |6.6|) are positive frequency and are negative frequency. 

Near the horizon, for r —1, one can show (see Appendix B for details) that (|6.6| ) 
becomes: 





r(i + |j|)[ 


r(—zw) 


+ 


r(i(|j| -iuj + h+))r(i(|j| -iu + h_)) 

T{iuj) 


(1 


r(i(|j| +zw + h+))r(i(|j| +iw + /i_)) 




(6.9) 


In order to analyze the flux across the horizons it is useful to introduce Kruskal coordinates 


l + UV 
1 - UV 




( 6 . 10 ) 


in which 

da'^ = (1 _ i-*‘‘UdV + (1 + UVfd^^). ( 6 . 11 ) 

U > 0 and H < 0 in the southern diamond. The future (past) horizon is at H = 0 (17 = 0). 
In contrast to the static coordinates, Kruskal coordinates are nonsingular at the horizon. 
The modes (|0|) become, for r —1 {UV 0): 





+ aljU- 




( 6 . 12 ) 


where we dehne the complex constants 

r(i + |j|)r(-zu;)2* 


CXijjj — 


r(2(U| -iu + h+))r(2(|j| -iuj + h-)) 


= a 


-UJJ- 


(6.13) 


The hrst term in (|6.12|) is incoming flux across the past horizon, while the second is 
outgoing flux across the future horizon. A similar analysis in the northern diamond with 
17 < 0, K > 0 gives for r —1: 





+ a 




(-17)“*^^], 


(6.14) 
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The northern and southern modes are simply related by 




(6.15) 


The second family of solutions is given by 


(t)^^ = ^ (6.16) 

n-=-\j\ 


where the coefficients are given in, e.g., equation 15.5.19 of 
singular at r=0 for all j and hence are excluded. 
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These modes are 


6.3. The Past and Future Triangles 

Let us analyze the behavior of the modes in the past triangle (which includes T~ but 
not X+) where > 1. A complex solution of ( |6.2|) is 


C/ = 

/+W ^ - ^)*F{a, 1 - o-i h+i 1), 


(6.17) 


Using properties of the hypergeometric functions one hnds that /A is invariant under 
uj —> — w, but is not real. Therefore the second solution of (|6.2|) is obtained by complex 
conjugation: 


C" = 


(6,18) 


This is equivalent to replacing h-i- with h- in ( |6.17|) . Near X we hnd 






(6.19) 


In the past triangle the coordinate r is timelike and past-directed, so that the are 
positive frequency for > 1. 

Near the horizon, for r —1, we hnd 




r(—zw) 


+ 


r(iw) 


r(2(b1 - + h+))r(2(-|i| - + h+)) 


(r^ — 1) . 


, o . ZU) 

(r^ _ 1) 2 


( 6 . 20 ) 


r(^(-|j| + iuj + h+))r(i(|jj +iuj + h+)) 
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The relation between static and Krnskal coordinates in the past triangle is 


l + UV 
l-UV 


, P T' 


( 6 . 21 ) 


U and V are both negative in this region. The boundary with the northern (southern) 


diamond is at V 


0 {U = 0). The near horizon behavior (|6.2C ) becomes 





where 

„ ^ _ nh+)n-iij)2'- _ 

r(i(|j| - + h+))r(i(-|j| - + h+))' 


Similarly one hnds near r = 1 that 


C,” - [/?•„,+ /3y(-t/)-"]. 


One may also dehne modes in the future triangle by 


= (/+ 


/out- 


Near X"*" we hnd 


^ou.± ^ 


( 6 . 22 ) 

(6.23) 

(6.24) 

(6.25) 

(6.26) 


In the future triangle the coordinate r is future-directed, so that the are positive 

frequency. 

The relation between static and Krnskal coordinates in the future triangle is again 
given by ( |6.21|) , which means that t increases to the south (north) in the future (past) 
triangle. U and V are both positive in this region. The boundary of the future triangle 
with the northern (southern) diamond is at 17 = 0 (K = 0). Near the horizons {UV = 0) 
the 4’°'^^ modes obey 

^o„i+ ^ , 

C'" = ■ 

The past and future modes are simply related by 


(6.27) 




(c/,r) = ^Lt(-V-n 


(6.28) 
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6.4- Matching Across the Horizon. 

In the previous two subsections we have described solutions in the past and future 
triangles as well as the northern and southern diamonds. By matching fluxes across the 
horizon, these may be extended to global solutions over all of dSs- For example the 

terms in the past modes ( |6.22|) and (|6.24| ) carry flux into the southern (northern) 
diamond. The continuation of (|6.22|) and ( |6.24|) into these regions is obtained by matching 
to (I6.12D along U = 0 and to (|6.14| ) along V = 0. Matching across the horizon again then 
yields the future mode. 

Henceforth we shall use the symbol to denote the global solution so constructed. 
Similarly, will denote the global solution agreeing with ( |6.27|) in the future triangle. 

We may also construct global solutions (j)^ {(p^) that agree with the modes ( |6.6|) (( |6.8|) ) 
in the southern (northern) diamond—these solutions vanish in the northern (southern) 
diamond. 

From the matching procedure outlined above we hnd that these modes obey 



where 


and 


= A, 


A -A ■ = 



j Pi 


-a 






^3 





N^j ^ {PujPlj - 


UJ 


(6.29) 


(6.30) 


(6.31) 


Reversing the signs of U and V and using a^Aax = A*, one hnds that the second equation 
in ( |6.29|) follows from the hrst. The Bogolyubov transformation from I~ to X"*" then follows 
from (|6.29| ) as 


where 


out- \ 


/ An+ 

^^3 ] 

= 


out+ 

^3 

\ 

Ujj / 


\(Pujj 


/ 



(6.32) 




V 


0 


0 


\ 


(X, 


(6.33) 




As with the spherical modes of section 3.2, the Bogolyubov transformation (|6.32|) is trivial. 
The vacuum |in) dehned by the modes is identical to the vacuum |out) dehned by the 


iout 
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6.5. Euclidean Modes on the Cylinder 


In this subsection, following we write the Euclidean modes as linear combinations 
of northern and southern modes. 


In Kruskal coordinates the southern modes (| 6 . 6 |) in the southern diamond are of the 


form 






(6.34) 


for [/ > 0, E < 0, and vanish for [/ < 0, E > 0. The northern modes in the northern 
diamond are of the same form 






(6.35) 


but have support forU < 0, E >0 instead of 17 > 0 ,17 <0. We wish to hnd a linear 
combination of (|6.34|) and (|6.35|) which is analytic in the lower complex U and 17 planes.0 
This can be accomplished by analytically continuing the southern modes (|6.34|) to the 
northern diamond along the contour 


U 


,-i7 


17, E 


3*7 




(6.36) 


taking 7 from 0 to tt. Notice that the product 1717 is independent of 7 , so that the 
continuation of the southern mode (|6.34|) is 


e-^^Uj{UV)e^^‘^ 




(6.37) 


Comparing with (3.35) we see that the linear combination 


iSi = 4>tj + 


(6.38) 


is analytic in the lower half of the complex U and 17 planes. Since t runs backwards in the 
northern diamond, this is a linear combination of positive and negative frequency modes. 
A second linear combination 


■^5 = (■#>7)* + ^-^-(€ 1 )’ (6-39) 

is also analytic in the lower half plane. Both cj)^ and cj)^' are positive frequency for w > 0. 

Euclidean modes were defined earlier to be regular on the lower Euclidean hemisphere (r^® = 
0, — ^ < < 0). Explicit transformation of coordinates shows that sgn = sgn = 

sgn The lower pole, r = —if, maps to a single point, U = V = —i, independently of 9. 

Smooth curves through this pole remain smooth in the U and 17 planes. Thus, modes that are 
analytic and bounded in the lower half U and 17 planes will be regular on the lower Euclidean 
hemisphere. 
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6.6. MA Transform to Euclidean Modes 


In this subsection we will show that the |in) vacuum on the cylinder is the same as the 
I in) vacuum on the sphere by showing that it is an MA transform of the Euclidean vacuum 
with a = —TTfj.. This result is anticipated by the fact that the dual CFTs should be simply 
related by the conformal transformation from the sphere to the cylinder. Nevertheless, it 
provides a useful check on our constructions. 

The hrst step is to redehne in order to simplify the expression for A in ( S.29 ). 
Let 


a -3* ■ 

7in+ _ -j iin+ 

Ajj ‘ AT , ^ujj ’ 

^ ^in- 




N, 




^3 


Then (|6.29|) becomes 



= (-^)^ 



with 


9 = (-) 


j_i_i 


(3- 


^3 


It follows that the Euclidean modes obey 


gTTt^ + {-ye^^^^ 


iSj = 4>% + 


= {-iy 


^■KLO _ 




in+ 




0 _|_ ^_jjg7i-M \^^3 

Inverting this relation, one recovers a = —nfi. 


UJ3 ) 


(6.40) 


(6.41) 


(6.42) 


(6.43) 


6.7. The Thermal State 

Let us summarize the southern and northern mode expansions: 



(6.44) 


Here we take the modes (j)^ and (j)^ to be normalized with respect to the Klein-Gordon 
inner product (|2.7|). The Fock space in the southern diamond is constructed with lowering 
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operators and raising operators The Fock space in the northern diamond is 

constructed with lowering operators and raising operators 


~UJJ 


The modes (|6.38|) and ( |6.39|) annihilate the Euclidean vacuum, \E). This allows us to 


express \E) as a superposition of states in the northern and southern Fock spaces 

Ohxp[e-’'“(af,)ta«] |S) ® |Af) 


oo oo 


iJ!>=n n (1- 

cj—0 j = — oo 


— 27TIjJ\ 2 


n(i-e-2-)i 


(6.45) 






(6.46) 


Here [S') and |A^) are the southern and northern vacua, and 

Only the southern diamond is causally accessible to an observer at the south pole. The 
quantum state in this region is described by a density matrix , which is obtained from 
a global state by tracing over the held modes in the northern diamond. For the Euclidean 
vacuum (|6.45|) we obtain 


Pe = 


trjv|£)(B| = n 




(1 


^ — 27ru; 


)E' 


— 27rujnu. 


I 1 S') 5 S I 


(6.47) 


Recall that the Killing vector = dt is everywhere time-like and future directed 
in the southern diamond. Neglecting gravitational back-reaction of the held modes, this 
allows us to dehne a Hamiltonian for the southern modes: 


p poo ^ 


i S' 


(6.48) 


j = -oo 
S 


where T is the stress tensor of the scalar held. Here E* is a t = constant Cauchy surface 
in the southern diamond with normal vector is = (1 — r^)~^dt. This dehnition of 

energy is natural for the observer at the south pole. For later use, we also dehne the angular 
momentum J7 as the conserved charge associated with the Killing vector 


J = 


p poo 

/ dE'^Vn" ^ duj T (af,)taf,. j. 

do 


(6.49) 


3 = -oo 


With respect to the Hamiltonian Ai, the southern state (|6.47| ) becomes a thermal 
density matrix 

/ \/t\ 

(6.50) 


c „ / .AA 

Pe = Cexp - — 


with temperature T = C = Y\{1 — e 


^ —21^10 \ 


is a normalization factor. 
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7. Kerr-de Sitter 


In this section we generalize the discussion of the previous sections to the three- 
dimensional Kerr-de Sitter solution, which represents a spinning point mass in dSa. 

7.1. Static Coordinates 

The Kerr-de Sitter metric describes the gravitational held of a point particle whose 
mass and spin are parametrized by 1 — M and J: 


ds^ = -N'^dt^ + N-'^dr^ + {dip + N'^dt) 


-2 


The lapse and shift functions are 


= M -r^ + 


16^2 




4GJ 


The lapse function vanishes for one positive value of r: 

1 


r+ = -\VT + Vr] . 


(7.1) 


(7.2) 


(7.3) 


where 

T = M + i{8GJ). (7.4) 

This is the cosmological event horizon surrounding an observer at r = 0. It has a 
Bekenstein-Hawking entropy []69| , |70[| of 

7rr+ TT 




2G 4G 


T + y/T 


(7.5) 


7.2. Kerr-dSs as a Quotient of dSs 


In 2-1-1 dimensions, there is no black hole horizon for Kerr-de Sitter because the “black 
hole” degenerates to a conical singularity at the origin. This is best seen by writing the 
metric as an identihcation of de Sitter |^. Let us dehne p = and a = 4GJ/r+, so that 


The coordinate transformation 


M = jj? — o?, J = 

i = pt + ap, 
p — pp — at, 


pa 

4G' 


(7.6) 


-|- 0(2 
-|- o 2 


(7.7) 
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changes the Kerr-de Sitter metric to the vacuum form 


ds^ = — (l — r^) dP + + Pd(f‘^, (7.8) 

but with a non-standard coordinate identihcation. In empty de Sitter space, (t, f, ip+27Tn) 
labels the same point for all integer n. In the presence of a particle, the points 

(t, r, (p) 27rn(Q;, 0, fi) (7.9) 


are identihed instead. 


7.3. Kerr-dS^ Temperature and Angular Potential 

In this subsection we consider a scalar held in Kerr-dSs. The cylinder mode solutions 
found for de Sitter in Section 6 are also solutions in Kerr-de Sitter, after the substitutions 
t ^ t, r —>■ r and ip ^ (p are performed. For the modes to remain single-valued, the 
angular momentum j must be non-integer: 


J = 


n + ua 




n integer. 


(7.10) 


The mode analysis carries over trivially. In particular, the Euclidean modes (|6.38|) and 
( |1).39|) take the same form in Kerr-de Sitter. 

Analogues of (|6.48|) and (|6.49|) dehne conserved charges associated with the Killing 
vectors and = —dp: 


p poo 

M = / = duj T (af,) 

pOO CXD 

duj 

Jo 


J= / = 


t S' 


■ j 

^UIJ J: 


(7.11) 


j = -oo 


where is the matter stress tensor. Here the hypersurface is dehned, for example, 
by the normal vector 




rp‘2 J* 


^a,+ 7Il 


a 


di. 


(7.12) 

r r ^ 

(For q; > 0, 71^ is not a space-like surface near the origin; this does not affect the dehnition 
of conserved quantities.) The expressions for A4 and J nevertheless take the same form 
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as M and J' in de Sitter space. The Enclidean state, restricted to the sonthern diamond 
(f < 1), is a density matrix 

(7.13) 


Pe = C exp \^—27rJlij . 

In the (t, r, ip) coordinates, the asymptotic metric of Kerr-de Sitter space takes a 
standard form near X (detailed in section 7.4 below). In order to compare conserved 
qnantities of different space-times, we mnst nse the Killing vectors dt and to measnre 
energy and angnlar momentnm.lll The corresponding conserved charges are related to M 
and iX by a linear transformation. Using ( [7.7|) one hnds 


M = 




- 1 - 


rM + 


a 


Thns we obtain a density matrix 


p% = (7 exp 


-t- a- 


M + nj 


:J- 


(7.14) 


(7.15) 


at temperature and angular potential 


T = 


p^ -|- a‘" 


O = -. 


, . (7.16) 

ZTT^ P 

For later convenience it is useful to rewrite the the density matrix ( [7.15|) in terms of 
the complex inverse temperature 




1 -|- 
T 


27r 

7^’ 


and the complex charges 


These charges are constructed from the complex Killing vector helds 

(o = ^{dt + id^), Co = j(0t - 10y). 


(7.17) 


(7.18) 


(7.19) 


Then the density matrix of the scalar held in the southern diamond takes the form 


p| = (7exp (-/3Xo - . (7.20) 

We are choosing the normalization of the time-like Killing vector to be hxed at X, as is 
appropriate for a CFT description. By normalizing at r = 0 instead, one would obtain the 
apparent temperature seen by a local observer |Q. 
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7.4- The Boundary Stress Tensor and Virasoro Charges 

In this subsection we define, compute and interpret the Brown-York boundary stress 


tensor in static coordinates, following 
In the static coordinates is at r - 


ds^ = 


oo. The metric takes the asymptotic form 

(7.21) 


+ (r^ - tL)dwdw + '^dw^ + ^dw^ + 0(7)^ 


with 


w = (f + it. 

Since w ~ w + 27r, the boundary is a cylinder with conformal metric 

(is^onf = dwdw. 


(7.22) 


(7.23) 


dSa has an infinite number of asymptotic symmetries, whose associated bulk vector 
fields C generate the conformal group on I~ [jl^ . With each of these symmetries there is an 
associated charge. A general procedure for constructing such charges for spacelike slices 


ending on a boundary was given in |]7^ , adapted to AdS in , and adapted to dS in |T3 
For dSa in planar coordinates, X“ is a plane and the charges are 


1 

27rz 


, = — (/) dzT,.z^+\ 


Lri. - 


1 


i 


dzTzzZ 




(7.24) 


27rz / 

where T^z is the boundary stress tensor given by ||73| , [74| , p!3 

~ 4G +refill'] ■ 


(7.25) 


Here is the induced metric on the boundary, and the extrinsic curvature is defined by 
with the future-directed unit normal. The contour integral is over the 
boundary of T~ in planar coordinates at \z\ = oo. The AD mass |]^ is proportional to 
Lq SLq. The complex coordinates on the boundary cylinder in ( 7.21 ) are related to those 
of the plane by 

^ = e-^^. (7.26) 

In the previous section charges Cq and Cq were constructed for weak scalar field 
excitations on a fixed de Sitter background. These can be related to the weak field limit 
of Lq and Lq by using the conservation equation 




2ti 


ITl/’) 


(7.27) 
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which states that the failure of to be conserved is given by the matter flux across the 
boundary. Contracting both sides of (|7.27|) with a Killing vector ( and integrating over a 
disc Tjc spanning a contour C on 1~ yields 






(7.28) 




where da^ is the normal boundary volume element normal to the curve C. Comparing with 
(imi ), CT . and CT , we see that integrand on the right hand side of this expression 
for Lq (Lq) agrees with that in the expression for Cq i^o)- ^ Of course when the helds 
are not weak there are gravitational corrections to the bulk expressions. 

The cylinder charges corresponding to (|7.24|) are 0 


Hr, = 


1 


-277 


dw 


(7.29) 


and its complex conjugate. We have used the symbol Hn rather than because on the 
cylinder ( [7.29|) includes a Casimir energy contribution for Hq. We will be interested in Hq, 
which is the charge associated to the vector field 


For r —>■ oo one finds 


Co — 2 ■ 


1 r 


Integrating around the cylinder then gives 


1 


-277 


and similarly 


Ho = / dipTu 

27r Jo 




24^’ 


(7.30) 


(7.31) 


(7.32) 


(7.33) 


For later convenience we have written these expressions in terms of the dSa central charge 




(7.34) 


Our sign convention in ( 7.241) was chosen so that in the weak field limit 77 reduces to the 
integral of the scalar stress energy density, without a relative minus sign. This convention agrees 


with 1^, 42 , but differs by a sign from || 

A minus sign arises in this expression from the relative orientation of the z and w contours. 
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where we have restored the factor of the de Sitter radius 1. However, so far our discussions 
have been purely classical. 

We note for pure de Sitter space (M = 1 and J = 0) i^o = — This has a nice 
interpretation in the dual held theory on the boundary, as discussed in According 

to 1^, the bulk gravity state on the slice t = cxo in planar coordinates is dual to a CFT 
state on the boundary of I~ (i.e., where the slice t = oo intersects X~) ai z = oo. This 
state is the wave functional produced by hxing boundary conditions on the and then 
doing the CFT path integral over the disc. This should give the SL(2, C) invariant ground 
state of the CFT. Transforming from planar to static coordinates in the bulk is then dual 
to the conformal mapping from the plane to the cylinder. This mapping should produce, 
via the Schwarzian in the stress tensor transformation law, the Casimir energy — ^ for a 
CFT with central charge c on a circle of radius 1. Indeed this agrees beautifully with the 
fact that the boundary stress tensor vanishes in planar coordinates but gives Hq = — ^ in 
static coordinates. 

We note for future reference that the state so constructed on I~ is a pure state with 
no entropy. 


The agreement with the CFT picture persists for general r. (|7.32|) is then precisely 
the Casimir energy from conformal mapping from the plane to a cone. We note also that 
as M decreases, the energy Hq increases, in accord with the expectation that a positive 
dehcit angle has a positive mass. 


8. Entropy 

In this section we discuss the conditions under which the entropy (|7.5| ) might be 
microscopically derived from a 2D CFT. Related discussions have appeared in 

Consider the canonical partition function of a 2D CFT with complex potential /?, 

Z = J dLodLop{Lo,Lo)e-^^°-^^°, (8.1) 

where p is the density of states. We wish to evaluate this in the saddle point approximation. 
Let us assume that we are in a regime where the thermodynamic approximation is valid, 
and we can use Cardy’s formula [1^ for the density of stateslil 


p(Lo, To) = exp 


27r 


c , ^ c, ^ c c, 

— (Lq — -) -j- 2,71 \ —(Lq — —) 

gV 0 24^ ^ V 6^ 24^ 


( 8 . 2 ) 


An alternate interpretation was given in |4(;]. 

Since we are working in the canonical, rather than microcanonical picture, the final formula 
for the entropy is unaffected by the shift of Lq in the exponent. 
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When f3 is complex, (|8.1|) has a complex saddle point at Lq = + ^.0 Evalnating the 

integral at the saddle point and using S' = (1 — — (38^) \nZ gives 


If we now use the formula 


TT^C TT^C 

u 


c = 


2G' 


for the central charge of the boundary CFT, together with the formula 

2ti 


p 


-i{SGJ)’ 


(8.3) 


(8.4) 


(8.5) 


derived in section 6.3 for the complex temperature of Kerr-dSs, the microscopic formula 
( ^■3|) reproduces exactly the macroscopic formula (|7.5|) for the Bekenstein-Hawking entropy 
of Kerr-dSa. 

This yields a two-parameter ht relating the area of the Kerr-dSs horizon to the num¬ 
ber of microstates of a 2D CFT. However with our current understanding, this should be 
regarded as highly suggestive numerology rather than a derivation of the entropy. One 
problem is that the dual CFT is not unitary, and hence is not obligated to obey Cardy’s 
formula. A second problem is that we have not specihed where the CFT density matrix 
resides whose entropy is being computed. In most discussions—including ours—the quan¬ 
tum state on global de Sitter is in a pure state. Furthermore its dual—as discussed at 
the end of the previous section—is the SL{2, C) invariant CFT vacuum. A density matrix 
arises only after tracing over a correlated but unobservable sector. We saw in section 6.3 
that for a scalar held in the (pure) Euclidean vacuum state, a thermal density matrix arises 
after a northern trace over the Hilbert space in the unobservable northern diamond. One 
might expect that the quantum state of the boundary CFT would also become thermal 
after performing a similar trace. However it is not clear to us exactly what a northern 
trace corresponds to in the boundary CFT on X^. 

It appears that de Sitter entropy arises when attention is restricted to the true observ¬ 
ables in the theory. The boundary CFT includes information about correlators at acausal 
separations that do not directly correspond to observable data. It is a challenging and 
important problem to understand what are the true observables in the language of the of 
the boundary CFT. 

For pure dSa this is Lq = as in [^. 


45 








Acknowledgements 

We are grateful to M. Aganagic, T. Banks, M. Headrick, G. Horowitz, A. Karch, 
G. Moore, M. Spradlin, N. Toumbas, A. Volovich and E. Witten for useful conversations. 
This work was supported in part by DOE grant DE-FG02-91ER40654, an NSF Graduate 
Fellowship, and by the National Science Foundation under Grant No. PHY99-07949. 


Appendix A. Alternate Forms of Green Functions on dSd 

In this Appendix we present several alternate expressions for the Green functions. 
First, let us consider a de Sitter invariant vacuum |G), so that the wave equation for 
Gq{x,x') becomes 

(1 - P^)dlG - dPdpG - m^G = 0, (A.l) 

where P is related to the geodesic distance 9{x,x') by 


P = cos 9. 


(A.2) 


Note that if Gd^m^ solves ( A-l|) in d dimensions for mass-squared m^, then dpGd^m'^ solves 
( A-l|) in d -|- 2 dimensions with mass-squared -|- d. This gives an iterative procedure for 
constructing Green’s functions in all dimensions. We hnd 


G3+2n,m^ — 5pG'3^TO,2 + l-(n-|-l)2 
^2+2n,m^ n(n+l) 

where n is a positive integer. 

Let us hrst consider odd d. For d = 3, if we let 


G 


X 


S.m^ 


sind 


then X satishes 

deX + {^-'m‘^)x = 0- 

So the general solution in 3 dimensions is 

A sinh ii{'K — 9) -\- B sinh ii9 


Gs^rn'^ — 


sind 


(A.3) 


(A.4) 


(A.5) 


(A.6) 


where (x = \/m? — 1 and A and B are arbitrary constants. The hrst term gives the usual 
short distance singularity for the Euclidean vacuum—with the correct normalization, it 
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gives the usual expression ( |2.9|) . The second term is present for the transformed vacuum 
states |q;), and has the antipodal singularities mentioned in section 2.2. From ( |A.3|) we 
can obtain an expression for the Green functions in higher dimensions, 





r(n — m + 2ifi) {A sinh(2^ 
r(m + 1 + 2ifi) 


in + 2im) {ji — 6) + B sinh(2|U 
sin'^-^ e 


where n = |((i — 3) and 


^ = 



d—1 


2 


in + 2im)6) 
(A.7) 

(A.8) 


We have absorbed an overall normalization into the constants A and B. As a, function of 
9, G has isolated singularities but no branch cuts. However, 9 = cos“^ P has a branch cut 
from P = 1 to oo along the real axis, across which 9{P) changes sign. When expressed as 
a function of P, G will likewise have a branch cut. 

For even d, we start with the d = 2 solution in terms of Legendre functions 


G 2 ,m 2 = APi, {cos 9) + BQ^{cos9) 


(A.9) 


where + 1) = —rn?. So 

Gd,m^ = APl^\cos9) + BQ^J^\cos9) (A.IO) 

where n = \{d — 2) and zz(z 2 + 1) = n(n + 1) — m?. Here, Pj)^^ is an associated Legendre 
function, the derivative of the Legendre function. 


Appendix B. Properties of Hypergeometric Functions 


We collect a few relevant facts about hypergeometric functions. More details may be 


found in, e.g., 
The formula 


F{a,b-, c; z) = {1 — zY “ ^F{c —a,c — b-,c\z) 


(B.l) 
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relates hypergeometric functions of ^ with different values of parameters, as in ( |6.7|) . To 
relate hypergeometric functions of different variables we use 


F(a, 6; c; z) = (-z) a + 1 - c; a + 1 - 6; -) 

r(c —a)r(o) 2 ; 

r(c)r(a - b) r \-b 

r(a)r(c-6)^ ^ c,o+i a, 


r(c)r(c-a-6) 
r(c-a)r(c-6) 

r(c)r(a + 6 — c) 


+ 


r(a)r(6) 


F(a, 6; 1 + a + 6 — c; 1 — 2 ) 

(1 — zy~°'~^F{c — a, c — 6; c — a — 6 + 1; 1 — 


(B.2) 

These give us the Bogolyubov relations (|3.21j) and (|3.39|) , respectively. Since F{a, 6; c; 0) = 
1 these equations also £x the behavior of T'(a, b; c, z) a,s z ^ 00 and 2 ; —> 1, as in ([4.21), 
(|0|) and ( |O0[) . 
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